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Abstract. Let U be a unitary operator acting on the Hilbert 
space 7i, and a : {1, . . . , 2k} t— > {1, . . . , k} a pair partition. Then 
the ergodic average 

1 W_1 

u na ^A 1 U n "^ ■■■U ri ^ 2k -^A 2k -iU n ^ 

ni,...,rifc=0 

converges in the strong operator topology provided U is almost 
periodic, that is when H is generated by the eigenvalues of U. We 
apply the present result to obtain the convergence of the Cesaro 
mean of several multiple correlations. 
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I. INTRODUCTION 

An entangled ergodic theorem was introduced in [1] in connection 
with the quantum central limit theorem, and clearly formulated in [6]. 
Namely, let U be a unitary operator on the Hilbert space 7i, and for 
m > k, a : {1, . . . , m} t— > {1, . . . , k} a partition of the set {1, . . . , m} 
in k parts. The entangled ergodic theorem concerns the convergence 
in the strong, or merely weak (s-limit, or w-limit for short) operator 
topology, of the multiple Cesaro mean 

1 N ^ 

ni,...,n k =0 

Ai, . . . , A m _i being bounded operators acting on 7i. 

Expressions like (1.1) naturally appear in the study of multiple cor- 
relations, see Section 4 below. The simplest case is nothing but the 
well known mean ergodic theorem due to John von Neumann 

1 N ^ 
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Ei being the selfadjoint projection onto the eigenspace of the invariant 
vectors for U. The entangled ergodic theorem in not yet available, 
and it is expected to fail in the full generality (see e.g. pag. 8 of 
[7]). In addition, it is yet unknown what are general enough conditions 
under which it can be proved. In [2] it is shown that the entangled 
ergodic theorem holds true in the case when the Aj in (1.1) are compact, 
without any condition on the unitary U, and in the almost periodic case 
(i.e. when 7i is generated by the eigenvalues of U) for some very special 
pair partitions, without any condition on the Aj. Another interesting 
case arising from "quantum diagonal measures" is treated in [3]. 

In the present note we prove that the entangled ergodic theorem 
holds true in the almost periodic case. Namely, the Cesaro mean in 
(1.1) converges in the strong operator topology for all the pair par- 
titions a, provided the dynamics generated by the unitary U on the 
Hilbert space H is almost periodic. We apply the present result to 
obtain the convergence of the Cesaro mean of several multiple corre- 
lations for C*-dynamical systems such that the unitary implementing 
the dynamics in the GNS Hilbert space is almost periodic. 

For the sake of completeness, we report the analogous result involving 
the multiple correlations for C*-dynamical systems based on compact 
operators. 

2. NOTATIONS AND BASIC FACTS 

Let U G B(H) be a unitary operator acting on the Hilbert space TC. 
The unitary U is said to be almost periodic if H = Ti.^ p , H^ p being 
the closed subspace consisting of the vectors having relatively norm- 
compact orbit under U. It is seen in [7] that U is almost periodic if 
and only if 7i is generated by the eigenvectors of U. Denote o~(U) and 
a pp (U) C cr(U) the spectrum and the pure point spectrum (i.e. set of 
all the eigenvalues of U) of U respectively. Define 

a p P (U) '■= {z G <J P p(U) | zw = lfor somew G a pp (U)} , 

that is the " antidiagonal" part of a pp {U). A partition a : {1, . . . , m} \— > 
{1, . . . , k} of the set made of m elements in k parts is nothing but a sur- 
jective map, the parts of {1, ... , m} being the preimages {« _1 ({i})}j=i- 
A pair partition is nothing but a partition such that the preimages are 
made by two elements. 

Consider, for each finite subset F C cr pp (U) and {Ai, . . . , A 2 k-i} C 
B(H)i the following operator 

(2.1) S^. a * '.— / E # Ai E # • • • E # Aok—\ E # 

z!,...,z k eF 
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together with the sesquilinear form 

S a;A 1 ,...,A 2 k-i (*^' V) := ( S a;Ai,-,A 2k -i X ' V) ' 

where the pairs z^,* are alternatively Zj and Zj whenever a(i) = j, 
and E z is the selfadjoint projection on the eigenspace corresponding 
to the eigenvalue z G a pp (U). If for example, a is the pair partition 
{1, 2, 1, 2} of four elements, we write (cf. Proposition 2.3) for the limit 
in the weak operator topology of (2.1), 

Sa;A,B,C = ^ E Z AE W BE Z CE W . 

z,wea* p (U) 

The strong limits of the operators S^ AAi wm describe the limit 
of the Cesaro means (1.1) in the case under consideration in the present 
paper, see Theorem 3.1 below. The reader is referred to [3] for the case 
when the Aj are compact operators. 

We report the proof of the following results for the convenience of 
the reader. 

Lemma 2.1. We have for the above sesquilinear form, 

2k-l 

K iAl ,...^ 2k _ 1 (x,y)\ < \\x\\\\y\\ ]J \\Aj\\ , 

uniformly for F finite subsets ofa pp (U). 

Proof. The proof follows by the repeated application of 

II 1 1 = H-^'&H ' 

by taking into account the Schwarz and Bessel inequalities. Here, 
{Pj}jizj is any orthogonal set of selfadjoint projections acting on a 
Hilbert space H, and {£j}jej C H. The reader is referred to [2] to see 
how the proof works in a pivotal case. □ 

Lemma 2.2. The net { J2 zeF E Z AE Z | F finite subset ofa* (U)} con- 
verges in the strong operator topology. 

Proof. 

|| E zAE z x - Y E z AE z x\\ 

zeF z<=G 

<|| Y + H E- z AE z x\\. 

z£F\G zeG\F 
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By taking into account Lemma 2.1, it is enough to prove that for e > 0, 
there exists a finite set G £ , such that || E^AEzxH < - whenever 

H c G%. But, 

|| E- z AE z xf = \\E- z AE z x\\ 2 < \\A\\ 2 £ ||^|| 2 . 

z£H z£H z£H 

The proof follows as the last sum is convergent. □ 

Proposition 2.3. For each finite set {A±, . . . , A 2 k-i} C 13(H), the net 

{^a;Ai,...,A 2k -i I F finite subset ofo~* p {U)} converges in the strong oper- 
ator topology to a element in B(H) denoted by S a . ! A 1 ,...,A 2k -i- 

Proof. As for any finite F C a* (U), 

oF rp oF rp 

°a;A 1 ,...,A 2k - 1 A ^ a;A 1 ,...,A 2k - 1 ' Lj ' 

E being the selfadjoint projection onto the almost periodic subspace of 
U, we suppose without loss of generality, that x G H is an eigenvector 
of U with eigenvalue Zq. The proof is by induction on k. By Lemma 
2.2, it is enough to show that the assertion holds for the pair partition 
f3 : {1, . . . , 2k + 2} i— > {1, . . . , k + 1}, provided it is true for any pair 
partition a : {1, . . . , 2k} h- ► {1, . . . , k}. Let kp G {1, . . . , 2k + 2} be 
the first element of the pair /? _1 ({A; + 1}), and ap the pair partition 
of {1, . . . , 2k} obtained by deleting (3~ l ({k + 1}) from {1, . . . , 2k + 2}, 
and k + 1 from {1, . . . , k + 1}. We obtain 

S p;A 1 ,...^ 2k+1 x = S ap;A 1 ,...,Ak p -iE- Z0 A kp ,...,A2k A ^+l x , 

provided z G F. We get 

F^a^U) S Pi A U-A2k+i X = S ^;A 1 ,...,A kp -iE- Z0 A kp ,...,A2 k A 2k+lX , 



S a -,A 1 ,...,A 2k - 1 being the limit in the strong operator topology of S^. A A 
which exists by the inductive hypothesis. □ 

We symbolically write 
(2.2) ^ 1 ,...,A 2fe _ 1 := s-lim S^,...,^ 



2fc-l 



EE # A^ 2 # ■■■E# A 2 k-\E. 

zi,...,z fc eo-^ p (!7) 



7* 

(1) *c«(2) *a(2fc-l) a(2fc) 
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where in (2.2) the pairs z*^ are alternatively Zj and Zj whenever a(i) = 
j as in (2.1). By Lemma 2.1, we get 

2k-l 

(2.3) ii^,...,^!! < n ll^ill ■ 



3. THE ENTANGLED ERGODIC THEOREM IN THE ALMOST PERIODIC 

CASE 

In the present section we prove the entangled ergodic theorem for 
the almost periodic situation. In this way, we improve the results in 
Section 3 of [2] where only very special pair partitions were considered. 
We suppose that H is generated by the eigenvectors of U if it is not 
otherwise specified. 

The proof of the following result relies upon the mean ergodic theo- 
rem (1.2), by showing that, step by step, one can reduce the matter to 
the dense subspace algebraically generated by the eigenvectors of U. 

We start by pointing out some preliminary facts on the pair partition 
a : {1,2...., 2k} i — ^ {1,2 , k} used in the proof. We can put 

{l,2....,2fc} = {ii,t2- ■ ■ ■ ,ik}[j{jk, ■ ■ ■ ,j2,ji} 

with jk < jk-i < • • • < 32 < ji — 2fc, a _1 ({l}) = {ii, 2k}, the order of 

the set {ii, i 2 , ik} is that determined by a, i m is the greatest element 

of {«i,?2- • • • ,ik} (perhaps possibly coinciding with zi), and finally jh 
is the first element after i m (i.e. i m + 1 = jh- Namely, "1J" stands for 
disjoint union, and a _1 ({/}) = {k,ji} with %i < ji, I — 1, 2, . . . , k. 

Theorem 3.1. Let U be an almost periodic unitary operator acting on 
the Hilbert space Ji. Then for each pair partition a : {1, . . . , 2k} i— > 
{l,...,k},andA 1 ,...,A 2k - 1 eB(H) > 

f N-l s 

s-hW — V u n ^A x U n ^ ■ ■ ■ C/ n «(^-i) A 2k _ 1 U n <*w } 

v ni,...,n fc =0 
= Sa;A 1 ,...,A 2k - 1 ■ 

Proof. We suppose without loss of generality (cf. (2.3)), that \\Ai\\ < 1, 
i — 1, ... ,2k — 1. Fix e > 0, and choose recursively the following sets. 
Let I £ be such that 



< e 
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For each rji G I e , let I £ (j]\) be such that 



x 



< 



A 2 k-iE m x — ^ E V2 A 2 k-iE v 

provided z : < J2- 1 Finally, for each r/i G J e , r? 2 G 4(771),..., ?7 fe _i G 
4(771, 7/2, ... , ?7fe-2), let I £ (r)i, rj 2 , . . . , rjk-2, Vk-i) be suc h that 



Aj k +iE # . • • • E T]2 A 2k _ 1 E J)1 x 



E 



Vk£le(.m,V2,-,Vk-2,Vk-l) 



E Vk A jk A jk+1 E 1 # - - - E m A 2 h-\E^x 

«Ufc+ 1 ) 



< 



By taking into account (1.2), choose iV £ such that 



%-2j ?7fc-l, 



/ 1 ^ \ 

( TV $Z^ mC/ ) n ~~ ^™ ) A im E Vh ■ ■ ■ E V2 A 2k _ 1 E m 



X 



<- 



J2 Vl eh ^meh(vi) ' ' ' ^Vh-ieie(m,V2,-,Vh-2) \^(VuV2, ■ ■ ■ , Vh-2, Vh-i)\ 
and after k — 1 steps, 

/ 1 JV - 1 \ 

( ]v E^^) 71 " E ^ A i E v# 2) ' • • E m A2k-iE Vl x 

^ n=0 ' 
Y. Vl <=Ie Y. V2 £le(vi) ' ' ' ^Vk-ieIe(T)l,V2,-,Vk-2) \^(VllV2, • • • , %-2, ?7fe-l)| 

whenever N > N £ . We then have 

/ 1 JV - 1 \ 
( JV* E ^ n " (1) ^i^ n " (2) • • • CT-P*- 1 ) Aafc-xCT-P*) - S, i: h ; J 

^ ni,...,n fe =0 ' 
/ 1 \ 

[j^k U n ^)A 1 U n ^) ■ ■ ■ U n ^)A 2k _ 1 U n ^) - S a . A] J 

ni,...,n k =Q 



X 



< 



X 



X 



- E ^ 



X 



1 We reduce the matter to this case as the partitions for which a(2k — 1) = a(2k) 
can be treated by taking into account that the product is jointly continuous in the 
strong operator topology when restricted to bounded parts. 
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+ 



N-l 



E \ E U na wA 1 U n <*w ■■■A il _ 1 (ri 1 U) ni A h ...[P^-d 

Ai 1 -iE f j 1 A il ■ ■ ■ E z #^ ^ ) A 2 k-iE m x 



riieh ni,...,n k =0 



E E i„^ E 

z 2 ,..;Z k €(T* p (U) 



<2e + 



(1) a(2) a(2fc-l) 

JV-1 



E ( 4* E ^ na(i) ^i^ (2) ---A 1 -i(m^r i A 1 ---^ 



?7i€/ e x ni,...,n fc =0 



(2fc-l) 



E ^# n y4l ^# ' ' ' A h-i E m A h ■ ■ ■ E z # ) 



Z2,...,z k £a* (U) 



X 



+ 



r)2 6Js(r;i) 

JV-1 



/ 1 

E E (]v* E U n ^A 1 U n ^---A il _ 1 (r )l UrA i 

m&Is m^h(rii) ni,...,n fc =0 



JJ n a(2k~l) 



7 ^ ^ # A ^z* ' ' ' ' ' ' ^2fc-2 E m A 2 k-\E m x 



Z 2 ,...,«fc6<Tg p ({7) 



<2(2A:-i m )e + 



EE- E 

^lS-fe r]2ele(vi) Vh£ls(vi,V2,-,Vh-l) 



N-l 



ni,...,n m _i,n m+ i,...nfc=0 ^ n=0 



AT-1 



xA im E Vh ' ' ' E m A-2k_iE m X 



X 



JV-1 

E 

ni,...,n m _i,n m+ i,...n fc =0 



EE- E 

»7i€/ e rj 2 e/ e (r)i) r] h eI s (vi,V2,-,Vh-i) 



U naW AlU na< - 2) ■ ■ ■ f/ n «( i m-l) 
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EE # Ai E # • • • 2? # A _i 2?™ A,- • • • 2±L„ Aou—i x 

a(l) q(2) a(j m -l) / 



Zh+i,—,Zk€<r%p(U) 

<[2(2k-i m ) + l]e + 



EE- E 



X 



1 



JV-l 

E 

ni,...,n m _i,n m+ i,...n fc =0 



[/"«(!) 7 4 1 [/ n a(2) . . . JJ n a (im-l) 



E 



2? # A\E# ■ ■ ■ 2? 



z/, + i,...,a fc 6«r» p (I7) 



a(l) a(2) o(i m -l) 



^■im-i^m Mm ' ' ' E m A 2 k-iE m x 



<(3k-l)£ + 



''a(2) 



E E 



/I JV ~ 1 



xAiE* ■ ■ ■ E m A 2k -iE m x 



< 3ke 



□ 



4. MULTIPLE CORRELATIONS 

The study of multiple correlations is a standard matter of interest in 
classical and quantum ergodic theory for several application to various 
fields. For example they are of interest to investigate the chaotic behav- 
ior of dynamical systems. We also mention the natural applications to 
quantum statistical mechanics, number theory, probability. The reader 
is referred to [5, 7] for further details (see also [3, 4] for some partial 
results involving multiple correlations and recurrence). The present 
analysis allows us to study the limit of the Cesaro mean of several 
multiple correlations. 

We start with a C*-dynamical system (21, 7, u) made of a C*-algebra 
51, an automorphism 7 of 51, and finally a state u on 21 which is invariant 
under 7. Consider the covariant GNS representation H w , f2, U) (cf. 
[8]) associated to the C*-dynamical system under consideration. 



Theorem 4.1. Under the above notations, suppose that U implement- 
ing 7 on is almost periodic. Then for each pair partition a : 
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{1, . . . , 2k} i— > {1, ... , k}, we have 

1 N ^ 
l Tj^ £ ^(^o7 n " (1) (A) 

ni,...,n fc =0 

x 7 n ^) +n ^)(A 2 ) • • -7 {E '= rln " (!)) (^i)7 {Etl2ni) (^)) 

(A 2k )Q,Q). 

Proof. The proof directly follows from Theorem 3.1, by taking into 
account that 

u {A ol n °w (A 1 ) 7 "«(D + ^(2) (A 2 ) ■ ■ ■ 7 C?ir 1 »««(o)(A 2fc _ 1 ) 7 (E?=i ^)(A 2fc )) 
=<7r w (Ao)L/ ri -( 1 ) 7 r tJ (A)^( 2 ) • • • L/ ri -( 2 ^ 1 ) 7 r tJ (A 2fe _ 1 )f/ n «( 2 '=) 7 r tJ (A 2fc )fi, Q) . 

□ 

For the sake of completeness, we notice that the same result holds 
true for C*-dynamical systems of compact operators, without any con- 
dition on the unitary U implementing the dynamics. Namely, let 
(K,(H), 7) a C*-dynamical system based on the algebra of all the com- 
pact operators acting on the Hilbert space H. It is well known that 
7 = ad(Cf), that is it is unitarily implemented on H, by the adjoint ac- 
tion of some unitary U, uniquely determined up to a phase. We denote 
by 7 the adjoint action ad([7) = 7** on B(Ti) as well. 2 

Let Tr be the canonical trace on B(H), and consider a positive nor- 
malized trace class operator T acting on TL such that s(T) < E ± , s(T) 
and Ei being the support of T and the spectral projection onto the 
invariant vectors for U, respectively. It is easy to show that 

(4.1) UT = T = TU. 

Let ojt £ B(H)* be the state defined as 

Ut(A) := Tr(TA) , A G B(H) ■ 

Thanks to (4.1), it is invariant under 7, as its restriction to K,(7i) 
denoted with an abuse of notation also by cut- The following result 
parallels Theorem 4.1. 



2 It is enough to consider the double transpose 7** G Aut(B(W)), which is an 
automorphism of B(TL), and therefore inner. The previous mentioned phase factor 
is inessential for our computations. 
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Theorem 4.2. For each pair partition a : {1, . . . , 2k} \— > {1, . . . , k}, 
{A , A 2k } C B(H) and {A 1 , . . . A 2 k-i} C fC(H), we have 

1 N ~ L 

\im—r V uj T (A^w(A l ) 1 n ^) +n ^(A 2 ) x ••• 

ni,...,n fe =0 

(4.2) x 7 ^r 1 ««a))(A 2fe _ 1 ) 7 (E - l2n<) (^)) 
=a; T (A S' Q!;j 4 li ... i A 2fc _ 1 A2 fe ) . 

Proof. By (4.1), we get 

cu T (A ol n °m (A l ) 1 n ^ +n ^ (A 2 ) ■ ■ ■ 7 (E ^ n ^\A 2k _ 1 ) 1 ^ 2n ^(A 2k )) 
=u T (A U na WA 1 U na ^ ■ ■ ■ C/"«(2*-i) A 2fe _if/ nQ ( 2fc ) A 2fc ) . 

The proof directly follows from Theorem 2.6 of [2] by approximating 
the trace class operator T by a finite rank one. □ 

We conclude by noticing that Theorem 2.6 of [2] allows us to treat all 
the multiple correlations arising from any general partition of any set 
of m points in k parts, for dynamical systems based on the compact 
operators. In the case of non pair partitions, it is not immediate to 
provide a general formula for the limit in (4.2). 



5. APPENDIX 



Unfortunately, a proof of our main theorem (or of the estimation in 
Lemma 2.1) based on the induction principle works well only for non 
crossing partitions. 3 Due to entanglement and to the fact that the mean 
ergodic theorem (1.2) holds true only in the strong operator topology, 
any attempt to provide any kind of induction proof of Theorem 3.1 
produces essentially the same complexity as the proof presented in 
this paper. While keeping the original proof, to show how the last 
is working, we report the particular case of the entangled partition 
a = {1,2, 1,3, 2, 3}. 

Fix e > 0, and suppose that A, B, C,D,F e B(H) have norm one. 



Let I £ be such that 



x 



< e 



ael s 



3 Among the set of pair partitions of four elements, {1,2,2,1} and {1,1,2,2} 
are non crossing, whereas the remaining one {1,2, 1,2} is crossing. The reader is 
referred to [1] for the abstract definition of crossing partitions. 
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For each a G I £ , let I e (cr) be such that 



ll 



FE a x — E E rFE a 



X 



< 



Finally, for each a G I e , r G / £ (o"), let I £ (a, r) be such that 



CE- a DE T FE a x - 2^ E p CEvDE T FE a x 

p€l e (a,T) 



< 



E i w 



In addition, by the mean ergodic theorem (1.2), choose iV £ such that 



, N-l , 
^ n=0 ' 



E 

( iv E ( rC/ ) n - E - ) BE p CE,DE T FE a 



n=0 



I E W " E p ) AE f BE p CE- a DE T FE a x 

^ n=0 ' 



e E i«".^r 

o-eL : reiser) 

e 

< E E 



whenever N > N e , a G I £ , r G I £ (cr), and p G I £ (a,r). Let /3 
{1,2, 1,2}, and 7 = {1, 1}. We then obtain for each N > N £ , 



N-l 

— E U k AU m BU k CU n DU m FU n x - S a ., AtBtC , D>F x 



< 



+ 



N-l 



^ E U k AU m BU k CU n DU m FU n - S a ., A ,B,c,D,F x-^E^x 



N 3 



k,m,n=0 



( 1 N ~ l \ 

E(jvs E U k AU m BU k C(aU) n DU m -S fiiAlB , E 9 D)FE a x 

^ k,m,n=0 
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<2e + 



N-l 



U k AU m BU k C(aU) n DU m - S p , a ,b,ce 9 d 



k,m,n=0 



X 



+ 



FE a x — Y E T FE a x 



N-l 



E E (^3 E U k A(rUrBU k C(aUr-S T!AE , B CE,)DE T FE a x 



adle reh(cr) k,m,n=0 

<4e+"^ " ' 



+ 



AT2 

cr€le T&I e (cr) L A;,m=0 
JV-1 



JV-1 



EE ^E^w^few-^ 



n=0 



DE T FE a x 



E E (^2 E U k A{rU) m BU k - S rAEfB \cE- a DE T FE a x 

vele re/ e (cr) ^ fc,m=0 



<5^ + 



AT-l 

- £ U k A(rU) m BU k - S r , AEfB 



N 2 



k,m=0 



X 



CE- a DE T FE a x - Y E p CE- G DE T FE a 

pel e {a,r) 

N-l 



X 



EE E [^J2(pU) k A(rU) m -E- p AE f jBE p CE^DE T FE a x 



+ 

o-G/e re/ e (cr) peI s (a,T) x ~' fe,m=0 

| Ar_1 

o-e/e t£4(ct) peI e {cr,T) L " v (I 
AT-1 

x - x - ^ / 1 

^ ^ ^ y N 

(Tele Tel e (a) peI E (cr,T) v n=0 



r 1 Ar_1 / N ~ 1 

ZEE jEW4jEW-s 



m=0 



BE p CE 5 DE T FE a x 



/ 1 Ar - 1 \ 
E E E jvEW- £ ? )AE f BE p CE- c DE T FE l 



■ X 



< 9e. 
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